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Abstract

Principal Component Analysis (PCA) is one of the most fundamental dimensionality reduction techniques in machine
learning. Its computational bottleneck often lies in the iterative estimation of leading eigenvectors, especially for
large-scale data. This paper establishes a rigorous connection between the eigenvalue gap (spectral gap) of the data
covariance matrix and the convergence rate of PCA algorithms, particularly power iteration, orthogonal iteration,
and stochastic gradient-based methods. We prove that the convergence is linear with a rate proportional to the ratio of
the second eigenvalue to the first eigenvalue A_2/4_1. We derive theoretical bounds, validate them with numerical
experiments, and discuss practical implications for choosing algorithms in high-dimensional ML pipelines.

Keywords: PCA, eigenvalues, convergence rate, power iteration, spectral gap, stochastic optimization.

1. Introduction

Principal Component Analysis (PCA) is a workhorse of unsupervised learning. It projects data onto a lower-
dimensional subspace that maximizes variance. Given a data matrix X € R”*(n x d) (mean-centered), PCA solves for
the leading eigenvectors of the sample covariance matrix:

C=1/nX"TX

However, computing eigenvectors exactly via full SVD costs 0(d”3), which is prohibitive when d is large (e.g.,
image data, genomics). Therefore, iterative methods — such as power iteration, Lanczos, or stochastic PCA — are
employed. In all these methods, the speed of convergence is governed entirely by the eigenvalues of C.

Despite the widespread use of PCA, many practitioners overlook how eigenvalue distribution dictates run time. This
paper fills that gap by:

e Deriving convergence rates of power iteration as a function of 1_2/1_1.
e Extending results to block methods (e.g., orthogonal iteration) and stochastic gradient PCA.

e Providing actionable guidelines for preprocessing, deflation, and algorithm selection.
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2. Mathematical Preliminaries

2.1 Notation
e ( € R"(d x d): symmetric positive semidefinite covariance matrix.

e Eigenvalues: 1.1 > 1.2 > -+ > A_d = 0, with corresponding eigenvectors v_1,v_2, ..., v_d.
e Spectral gap: Ak = A_k —A_(k + 1), particularly A_1 =1_1—-1_2.
e |Ill _2: Euclidean norm.
2.2 Power lIteration for Leading Eigenvector
The power iteration starts with a random vector g_0 and repeatedly applies:
q_(t+1)=(Cq_t)/(I Cq_t I _2)
2.3 PCA Objective
PCA’s top component solves:

max1(ll v II=1) v T Cv = A_1

3. Convergence Analysis: Power Iteration

3.1 Standard Linear Convergence Result

Let g_0 have a non-zero component along v_1. Expand g_0 in eigenbasis:
qO0=alv1+Y (i=2)"d aivi al+0

After t iterations:

CMtqO0=a 12 1Mtv 1+Y (i=2)"d a i Airtvi

Normalize to get g_t. The angular error sinf_t (where 6_t is angle between g_t and v_1) satisfies:

sin?2 0_t = (3_(i = 2) diia_i*2 (A_i/A_1)"28) /(@ 172 + ¥_(i = 2) diia_ir2 (Ai/A_1)"2t)
For large t, the term (1_2/1_1 )" 2t dominates. Therefore:
sinf_t ~ (Ja_2 |)/(Ja_1|) (A_2/A_1)"t
Convergence rate = 0((A_2/4_1)"t).
Key insight: The closer A_2 is to A_1, the slower the convergence.
3.2 Small Spectral Gap Problem

IfA_1~A1_2,then1_2/4_1 = 1, and power iteration requires many steps.
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Example:
e IfA_2/2_1=0.9,then [0.9)] ~t < [10)] ~(=3) requires t ~ 65 iterations.

o IfA1.2/2.1=0.99,thent =~ 688 iterations.

Thus, convergence slows dramatically as eigenvalues cluster.

4. Extension to Multiple Components

4.1 Orthogonal (Block) Iteration

To compute the top k eigenvectors, we iterate a d X k matrix Q_t:
Q_(t+1) ="orth"(CQ_t)

The convergence rate for the j-th eigenvector is governed by A_(j + 1)/A_j. Specifically, the subspace error decays
as O((A_(k +1)/2 k) t).

4.2 Deflation and Hotelling’s Method
After finding v_1, deflate the covariance:
C<C—A1v 1v 1I°T

Now the next leading eigenvalue is A_2, but the convergence rate for the second component depends on 1_3/4_2.
Hence, closely spaced eigenvalues slow down each stage.

5. Stochastic Gradient PCA (Oja’s Algorithm)
For very large datasets, online PCA updates:
w_(t+1D) =w_it+n_tx_t(x_t'"Twit), w_(t+1)<w_(t+1D)/Nw_(t+1)I)

where x_t is a random data point. Convergence analysis (Oja, 1982; Shamir, 2015) shows that the expected error
decays as:

E[sin*2 6_t] < (1 —nA_1 A_1)"t-"constant"

Thus, even with stochastic gradients, the spectral gap A_1 = A_1 — A_2 controls the convergence rate.
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6. Numerical Experiments
6.1 Synthetic Data Setup
We generate a 7000 x 50 data matrix with known eigenvalues:
e Case A (large gap): 4 =[10,2,1,0.5,...] = 1.2/4.1 = 0.2
e Case B (small gap): 1 =[10,9.5,1,0.5,...] - 1.2/1_.1 = 0.95

6.2 Power Iteration Results
Iteration (t) Large gap: sinf_t Small gap: sin6_t

1 0.45 0.48
5 0.002 0.42
10 6x10°° 0.31
50 < 10712 0.02
200 — 107°

Observation: Large gap converges in ~10 iterations; small gap requires ~200 iterations, confirming theory.
6.3 Stochastic PCA (Oja’s rule)
With 10,000 samples, batch size =1, n = 0.01:

e Large gap: converges in 500 updates.

e Small gap: needs > 8000 updates.

7. Practical Implications for Machine Learning

7.1 Preprocessing to Accelerate PCA
e Whiten data by scaling features — this does not change eigenvalue ratios.

e Shifted power iteration (adding a shift matrix) can increase spectral gap artificially.

7.2 Choosing the Right Algorithm
Spectral gap Recommended method

Large (> 0.5) Simple power iteration / Oja’s rule
Medium (0.1-0.5)  Lanczos / randomized SVD
Very small (< 0.7) Full SVD, or deflation with restarts

7.3 Real Data Examples
e MNIST digits (784D): 1_2/21_1 = 0.85 — moderate convergence.
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e Random Gaussian data: eigenvalues nearly equal — extremely slow PCA convergence.

e Genomics (PCA on SNPs): often large spectral gap — fast.

8. Conclusion

The speed of convergence in PCA — whether deterministic or stochastic — is fundamentally limited by the ratio of
consecutive eigenvalues. The spectral gap 1_1 — A_2 determines how many iterations are needed to reach a desired
accuracy. Practitioners should:

1. Estimate the eigenvalue gap before choosing an iterative PCA method.
2. Use block methods or deflation with care when eigenvalues cluster.
3. Consider randomized SVD or full SVD when the gap is too small.

Future work may extend this analysis to nonlinear PCA and deep learning kernels.
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Appendix: Proof Sketch of Convergence Rate

From the eigen-decomposition:

C'"tq 0=2A1"t[lalv1+Y (i=2)"d a_i (Ai/A 1) tv_i]
After normalization, the coefficient of v_1 is:
a 1/N(@ 122+ Y _(i = 2) d a_i*2 (A_i/A_1)"2t)

The error direction sin_t is given by the norm of off-components divided by a_1, leading to sinf_t =~ (Il a_(2:d) |l
)/a_1 (2.2/2_1)t. Q.E.D.
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